Faithful qubit distribution assisted by one additional qubit against collective noise 
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We propose a distribution scheme of polarization states of a single photon over collective-noise 
channel. By adding one extra photon with a fixed polarization, we can protect the state against 
collective noise via a parity-check measurement and post-selection. While the scheme succeeds only 
probabilistically, it is simpler and more flexible than the schemes utilizing decoherence-free subspace. 
An application to BB84 protocol through collective noise channel, which is robust to the Trojan 
horse attack, is also given. 
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Protecting quantum information from decoherence 
process is essential to exploit the information process- 
ing power provided by quantum physics, such as quan- 
tum key distribution (QKD), quantum computation, and 
quantum teleportation. In optical QKD protocols, espe- 
cially, one of the main sources of noise is the fluctuation 
of the birefringence of the optical fiber which alters the 
polarization state of photons. Usually, the fluctuation is 
slow in time, so that the alteration of the polarization is 
considered to be the same over the sequence of several 
photons. Such noise is referred to as collective noise (or 
correlated noise). To overcome such noise, several ele- 
gant QKD schemes have been developed so far One 
of these schemes is based on the phase difference of sin- 
gle photon in two sequential time bins, which is achieved 
by two unbalanced Mach-Zehnder interferometers(MZIs) 
shared between the sender and the receiver 0, Q- Al- 
though this scheme achieves faithful QKD through opti- 
cal fiber connecting two unbalanced MZIs, one needs ac- 
tive stabilization to adjust the phase differences of each 
unbalanced MZI with the precision of the order of the 
wavelength. To circumvent the active stabilization of the 
MZIs, the Plug-and-play system Q has been proposed 
and developed for QKD. In this scheme, the fluctuation 
of optical fiber is passively compensated via a two-way 
quantum communication with the use of the Faraday or- 
thoconj ligation effect. However, the use of two-way quan- 
tum communication makes the system vulnerable to an 
eavesdropping technique known as Trojan horse attack, 
especially for the single photon based QKD. 

To avoid the eavesdropping by Trojan horse attack, 
several novel QKD schemes which rely on one way 
quantum communication have recently been proposed 
[HIE 013 In these schemes, one first encodes the quan- 
tum states into the proper multi-photon entangled states 
in the decoherence-free (DF) subspaces 0, then sequen- 
tially distributes each photon through the optical fiber. 



The states in the DF subspaces are invariant under col- 
lective noise, leading to faithful QKD through one-way 
quantum communication. 

In this paper, we present a distribution scheme for 
the single photon polarization state by one-way quantum 
communication, which requires no encoding process. The 
present scheme is immune to collective noise and can be 
used for QKD. Unlike other schemes 0,0, 00 for QKD 
against collective noises, it is accomplished just by send- 
ing an additional photon in a fixed polarization, and it is 
not necessary to encode a qubit into an entangled state of 
multiple qubits in DF subspace. Due to the lack of entan- 
glement in the initially prepared state, the scheme suc- 
ceeds only probabilistically. Instead, the simplicity of the 
present scheme will make it easy to apply for many other 
quantum communication protocols based on qubits. For 
example, if one of the parties in a multi-party protocol 
wants to send his qubit to another party in the protocol, 
faithful qubit distribution can be achieved by adding just 
an additional photon in a fixed polarization and applying 
the present scheme. 

Let us first introduce our distribution scheme and de- 
scribe the possible implementation by a single-photon 
source, linear optics and photon detectors. The sender, 
Alice, first prepares a photon in the state \D) r = 
1/V2(\H) T + \V) T ) as a reference, followed by a signal 
photon in an arbitrary pure state a\H) s + [3\V) S in the 
same spatial mode after a delay At. Here \H) and \V) 
represent horizontal and vertical polarization states, re- 
spectively. The state of these two photons can be written 
as 

\D) t ®{a\H) s +{3\V) s ). (1) 

As shown in Fig.^ these photons are split into two spa- 
tial modes by a polarizing beamsplitter (PBS), which 
transmits \H) and reflects \ V). Alice then sends the pho- 
tons in |-H%,s and |V) riS through the channels 1 and 2, 
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FIG. 1: The schematic diagram of the proposed distribution 
scheme. The photons for the reference r and the signal s, 
which are temporally separated by At, are split into two spa- 
tial modes by a PBS on Alice's side. These photons in the 
polarizations |-ff) r ,s and | V) r , s are distributed to Bob passing 
through the quantum channels 1 and 2, respectively. After 
reaching Bob, these photons are mixed by a PBS. Bob then 
extracts the signal state from the received two photons. 

respectively. We assume that each channel is composed 
of a polarization maintaining optical fiber (PMF). Bob 
receives these photons and mixes them by a PBS. If there 
is no fluctuation or loss in the fibers, one can adjust the 
optical path lengths of the two fibers so that the state 
of the two photons in mode 3 is unaltered from the state 

To see how we obtain the signal state against collec- 
tive dephasing, suppose that the channels 1 and 2 add 
unknown phase shifts 4>h and <f)y, respectively, due to 
the fluctuations in the optical path length in PMF. We 
assume that these fluctuations are slower than the in- 
terval At, namely, 0#(t) — <fiii{t + At) = <f>H and 
0y(i) = (j>v{t + At) — 4>v- In this case, the states \H) ItS 
and \V) T ,s are transformed into e^ H \H) T<S and e i<t,v | V) r , s , 
respectively. Therefore, Bob receives the photons in the 
state 

l/V2[ae 2 ^\H) T \H) s +Pe 2l ^\V) r \V) a 

+e i ^+'t> v \a\V) I \H) s +P\H) I \V) a )}. (2) 

It is easy to see that the state ct\V) r \H) s + f3\H) T \V) s 
is invariant under these phase fluctuations. We could, in 
principle, project the state © onto the state a\V)r\H) s + 
(3\H) T \V)s with a probability of 1/2. If the successful 
projection occurs, then we decode the states |V) r |-ff)s 
and \H) T \V) S into \H) and \V), respectively. We would 
thus recover the state of the signal qubit a\H) + f3\V). 

An implementation of the above projection and decod- 
ing by using linear optical elements and photon detectors 
is shown in Fig. [3 Bob first splits two photons in mode 
3 into long path L and short path S by a polarization- 
insensitive beamsplitter (BS), then mixes these photons 
by a PBS. Half wave plate (HWPl) rotates the polar- 
ization of the photons in the path L by 90°. The op- 
tical path difference between the paths L and S is ad- 
justed to compensate the temporal difference At between 
the reference and signal photons. The polarization ana- 



FIG. 2: A decoder for the present scheme. The received pho- 
tons are split into two optical paths by a BS, then mixed by 
a PBS. HWPl rotates the polarization by 90°. The detec- 
tor Dx consists of HWPx which rotates the polarization by 
45°, a PBS, and photon detectors D as shown in the dashed 
box. The polarization state of the photon in the mode X is 
projected onto the diagonal basis {|-D)x, |-D)x}. The optical 
path difference between short path S and long path L is ad- 
justed to compensate the temporal difference At between the 
reference and signal photons. The detector Dy can be used 
to post-select the successful event by the twofold coincidence 
detection as described in the text. 



lyzer Dx consists of a HWPx rotating the polarization 
by 45°, a PBSx, and two photon detectors. Using this 
analyzer, Bob projects the polarization of the photon in 
the mode X onto the diagonal basis {|D)x, \D)x}, where 
\D) x = l/V2(\H) x -\V)x). 

Let us first consider the case where the reference pho- 
ton passes through the path L, and the signal photon 
through the path S. In this case, these photons reach 
the PBS at the same time. As in the parity check- 
ing described in Ref . [ToL fill , the incoming photons 
in the states \H) T \H) S and |V) r |V) s (the two photons 
have different polarizations just before the PBS) result 
in a two-photon state and the vacuum in the mode X, 
respectively. On the other hand, the photons in the 
state a\V) r \H) s + p\H) r \V) s (the two photons have the 
same polarization just before the PBS) result in one 
photon in the mode X and one photon in Y, in the 
state a\H)y\H)x + P\V}y\V)x- Hence, by counting the 
number of photons in the mode X, we can discard the 
cases \H) T \H) S and |V) r |V) s . If Bob detects a photon 
in \D)x, the two photons are projected onto the state 
\D)x{a\H) Y + (3\V) Y )- Then Bob obtains the photon in 
the signal state a\H)y + (3\V)y- If Bob detects a pho- 
ton in \D)x, two photons are projected onto the state 
\D)x(ch\H)y ~ P\V)y)- In this case, Bob simply adds 
the phase shift ir between \H)y and |V)y to obtain the 
photon in the signal state a\H)y + fl\V) Y . 

In a practical communication task such as QKD, pho- 
tons in mode Y may be measured on a polarization basis. 
In this case, one can post-select the event where at least 
one photon is emitted in each mode X and Y by the 
twofold coincidence detection. Therefore conventional 
threshold photon detectors, which do not discriminate 
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two or more photons from a single photon, can be used. 

In the other cases where the reference photon passes 
through the path S and/or the signal photon passes 
through the path L, at least one of the photons should 
have a different arrival time at detector Dx or Dy • Hence 
we can eliminate the contributions from such cases by 
discriminating the arrival times of the photons at the de- 
tectors Dx and Dy by post-selection. Any loss in the 
channels and inefficiency of the detectors are also dis- 
carded by the post-selection. 

So far, we have described the immunity of the present 



scheme from collective dephasing, which is the main 
source of errors when we use PMFs for the channels. 
In the following, we show that the present scheme also 
works against any collective polarization rotation (any 
collective unitary on the qubit space) which occurs in 
two quantum channels independently. Suppose that each 
collective polarization rotation transforms the polariza- 
tion states as |-H} r ,s — > Si\H) I:S + 7i|F} r , s and |V) r , s — > 
S 2 \H) IiS + 72|y)r,s m quantum channel 1 and 2, respec- 
tively, where |<5i| 2 + |7i| 2 = 1 and |<5 2 | 2 + |7 2 | 2 = 1- These 
rotations transform the state into 



l/V2[a(5l\H)^\H) sZ + 5 l7l | J ff) r3 |^) s4 + 5 l7l | V) r4 |i?) s3 + I^)r4 |V^) s4 ) 
+(3{5 2 2 \H) r4 \H) si + S 2l2 \H) l4 \V) s3 + S 2l2 \V) r3 \H) s4 + 1 l\V) l3 \V) s3 ) 
+a{6 1 6 2 \HU\H) s3 + jiS 2 \H) l4 \V) si + S ll2 \V) r3 \H) s3 + -fa 2 \V) l3 \V) s4 ) 
+P(Si6 2 \H) l3 \H) s4 + 5 l72 \H) l3 \V) s3 + 6 2ll \V) r4 \H) s4 + 71721*0*1*0*3)], (3) 



where the numbers in the subscripts represent the spatial 
modes in Fig^ The polarization rotation now causes 
photons emerge in port 4, too. In the case where two 
photons emerge at the port 3, the state of two photons 
is a<5 2 |i7) r3 |i?) s3 + Pj 2 2 \VU\V) s3 + 5 ll2 (a\V) l3 \H) s3 + 
P\H) l3 \V) s3 ). The state a\V) l3 \H) s3 + /3|JT} r3 |V% 3 is 
preserved against collective polarization rotations, and 
it is easy to see that we can post-select the signal state 
a\H) + (3\V) by using the same scheme as for collective 
dephasing shown in Fig. [21 This argument shows that 
we can use conventional optical fibers instead of PMF. 
When the quantum efficiency of the detector is 77, the 
overall success probability is given by (|<5i7 2 | 2 /2)(?7 2 /4), 
where the latter factor represents the loss in the decoding 
method in Fig. [3 In practice, we may wish to have a 
constant overall success probability, which is independent 
of fluctuating parameters <5i and 72. One easy way to 
achieve this is to introduce artificial random collective 
polarization rotations in each channel. This averages the 
factor |<5 1 7 2 | 2 /2 to 1/8. 

As for the possibility of improving the success proba- 
bility, we can extract the state a\H) x4 \V) s4 +j3\V) r4 \H) s4 
of two photons appearing from port 4 with a similar 
decoding setup, which doubles the success probability 
up to 1/4. If a deterministic two-qubit operations can 
be used, the efficiency will be further improved up to 
1/2 by extracting states a\H) l4 \H} s3 + (3\H) x3 \H) s4 and 
a|*0r3|*0s4 + /3 1 V^> r4 1 V^) s3 from the state (0 and decod- 
ing them to the signal state. 

We have described a distribution scheme for an arbi- 
trary state of qubit with an additional qubit, which can 
be implemented by adding a single photon in a fixed po- 
larization state. The interesting feature of our scheme is 



that Alice only prepares the separable state of two pho- 
tons and there is no need to prepare entangled states. 
Therefore we can easily apply this scheme to many quan- 
tum communication protocols based on qubit, especially 
to QKD protocols. In the following, we show the ap- 
plication to the BB84 QKD protocol. To implement 
BB84 protocol using the present scheme, Alice randomly 
chooses one of the four states \H) S , \V) S , \D) S , and \D) S 
of the signal photon and sends it along with the refer- 
ence photon in \D) r . After receiving and decoding them, 
Bob measures the decoded photon in the mode Y in one 
of the two bases {\H) Y ,\V) Y } and {\D) Y ,\D) Y }, cho- 
sen at random. In order to confirm that this scheme is 
equivalent to BB84, let us assume that Bob only accepts 
the cases where the mode X is found to be in \D) X . 
It is not difficult to see that the projection onto the 
four states \H) Y \D) X ,\V) Y \D) X ,\D) Y \D) X ,\D) Y \D) X 
is respectively equivalent (up to the normalization) 
to the projection onto the states \h) IS , \v) IS , \h) TS + 
|v)rs) \h) TS — \v) IS of the two pulses received by Bob, where 
\h)„ = \V) r \H) s + |#V0 r |vac) B and \v) IS = \H) r \V) s + 
I vac) T \HV) S . Let us introduce a virtual two-qubit system 
AB by the following relations: 

V6|0)a|0) b = 2\V) x \B) a + \H) r \H) s + \HV) x \vws) B 
n/6|1)a|0) b = 2\H) T \V) B + \V) t \V) B + |vac) r |W) s 
\/2|0)a|1)b = \H)r\H) s - |#V0 r |vac) s 
V2|1) a |1)b = |V0r|V0s - \vac) x \HV),. (4) 

In view of this, Alice always prepares qubit B in the state 
v3|0)b + |1)b and qubit A in one of the four BB84 states. 
Bob's measurement can be regarded as first making sure 
that the qubit B is projected onto the state v3|0)b — |1)bj 
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FIG. 3: The schematics of generation of signal and reference 
photons. Two photons are collinearly generated by PDC from 
Type II phase-matched /3-barium borate (BBO) crystal. One 
is in \H) and the other is in \V). They are split into two 
optical paths by a PBS, then mixed by BS. They are separated 
by At, which corresponds to the path difference between the 
short and long path. HWP r rotates the polarization by 45°, 
while HWP S and phase shifter (PS a ) are used to transform 
the state \V) into the desired signal state. Two photons in 
one output port of BS are in the state Q. 



then measuring qubit A as in the BB84 protocol. There- 
fore, the whole protocol is equivalent to BB84 except for 
the efficiency, and the same security proof holds at least 
when an ideal single-photon source is used. 

One of the advantages of the present scheme applied 
to BB84 protocol is that quantum communication is one- 
way. This enables us to avoid the Trojan horse at- 
tack which is threatening especially the Plug-and-play 
QKD system using two-way quantum communication[l| 
to compensate the fluctuation in optical fiber. Unlike 
other schemes d, H, S 13 sharing the one-way feature, 
the present scheme does not require a preparation of an 
entangled photon state by Alice, so it can be easily im- 
plemented by various photon sources. 

Finally, we discuss possible relaxations in the require- 
ment for the photon sources used in the present scheme. 
One of the unavoidable errors caused by the use of imper- 
fect photon sources is multi-photon emission in the same 
time bin. For example, if the reference pulse (and/or 
signal pulse) has two photons, both of them can pass 
through the path L and register a coincidence detection 
between the paths X and Y, at the "correct" timing. We 
cannot distinguish this false coincidence from the true 
ones, even by post-selection. 

In order to make the contribution of these errors suffi- 
ciently small, we must use a photon source satisfying the 
condition P^ 1 ' 1 ) > p( mul ), where pW is the probabil- 
ity of emitting one photon in the signal and one in the 
reference, and p( mul ) is that of emitting multiple pho- 
tons either in the signal or in the reference. For a source 
using parametric down conversion (PDC) shown in Fig. 
13 at least two (almost) independent emissions of pho- 
ton pairs are necessary for p( mul ) ; anc i hence satisfies 
p(mul) _ 0((p(i,i))2) fulfilling the above condition 

On the other hand, in the case of using weak coherent 
states for both signal and reference, it is difficult to sat- 
isfy the above condition for the following reason: Let v 



and \x be the average photon numbers of the signal and 
the reference. Since the probability of finding n photons 
in a coherent state obeys the Poisson statistics, we have 
p(i,i) = e -{y+n) v ^ an d p(mui) > e -( u+li )^2 + f P)/2. 

This shows P^ 1 ' 1 ) < p( mul ) ; so we cannot satisfy the 
above condition. Of course, if Bob uses two-photon ab- 
sorber to reduce p( mul ) ; then we can satisfy the above 
condition. While this indicates an interesting fact that 
Alice, in principle, can use completely classical light 
sources, such schemes are beyond the current technology. 

Another possibility is to use a tri gger ed single photon 
source based on PDC for one pulse |l3|, and a weak co- 
herent state for the other. As demonstrated in ref. |14| . 
we can still observe two-photon interference for this com- 
bination. If the average photon number of the coherent 
state is sufficiently small, the above condition can be met. 

In conclusion, we present a distribution scheme for po- 
larization states of a photon, which is immune to the 
collective noise. The present scheme does not employ an 
entangled state encoded in DF subspaces. The quantum 
state is protected, in principle, with the probability 1/2 
under both collective dephasing and depolarization by 
using two quantum channels, parity checking, and post- 
selection. The implementation of the present scheme can 
be achieved by linear optics and photon detectors. It 
does not need the stabilization of optical paths with the 
precision of the order of wavelength. The present scheme 
is a simple and flexible one that can be used in other 
quantum communication protocols, besides QKD, by us- 
ing various photon sources. 
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